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Abstract The nuclear potential energy surfaces (PES) used in quantum chemistry
inherit the symmetry of the whole molecular system, and are therefore invariant under
the action of the nuclear permutation-translation-rotation-inversion group. One can
take advantage of this property, both theoretically and numerically. The present article
is the prolongation of the works of Schmelzer and Murrell and of Collins and Parsons
on the subject. It presents a simplified technique to obtain symmetry-adapted polyno-
mial basis for global PES, together with algorithmic recipes that make the problem
computationally tractable. The method is illustrated in detail on XY, type of mole-
cules for which a full description of the algebra of invariant polynomials under the
full symmetry group of the molecule is given.

1 Introduction

To study the outcome of chemical reactions, in particular when deep, geometrical
changes occur, or to interprete the spectroscopy of floppy (possibly highly excited),
ro-vibrational states, it is often necessary to deal with global potential energy surfaces
(PES) for the nuclei or at least PES accurate in a large domain of the nuclear config-
uration space. However, various problems when determining global PES have been
identified in the past.

First of all, it is, usually, relatively easy to construct a set of internal coordinates
describing a molecule in the neighborhood of a given nuclear configuration [14].

P. Cassam-Chenai () - F. Patras

CNRS UMR 6621, Université de Nice, Laboratoire de Mathématiques J. Dieudonné, Parc Valrose,
06108 Nice cedex 2, France

e-mail: cassam @math.unice.fr

F. Patras
e-mail: patras@math.unice.fr

@ Springer



J Math Chem (2008) 44:938-966 939

However, it is well-known that, in general, it is impossible to describe the whole of
the PES with such a simple parametrization. To speak the language of differential
geometry, more than one chart is required to construct an atlas for the PE manifold.

A second class of problems is related to the fact that the PES dealt with in quantum
chemistry, inherit the symmetries of the molecule, in the sense that the action of any
operator of the permutation-translation-rotation-inversion group (the group of opera-
tors commuting with the total Hamiltonian of the molecule) leaves the PES invariant.
A computation that would lead to a non-invariant PES (e.g. by fitting the surface with
a non-invariant analytic expression) would not be satisfactory from the theoretical
point of view (and, in some cases, the expressions would not be as compact as they
could be). However, the local coordinates used in quantum chemistry are not always
symmetry-adapted. For instance, the widely used “normal coordinates” are not sym-
metry-adapted, when the geometry of the molecule has not the maximal symmetry
allowed by the symmetry point group (think of the ozone molecule). Or, the reaction
coordinates used to describe the dissociation of an atom, seldom respect the sym-
metry, when the molecule contain several indistinguishable such atoms (think of the
dissociation of methane).

The purpose of the present article, is to present a simplified technique, based on
the theory of algebraic invariants to obtain symmetry-adapted parameters for global
PES. The method is illustrated on XY4-type of molecule.

The introduction of the theory of algebraic invariants to expand a PES can be traced
back to the work of Schmelzer and Murrell [10]. In their approach, they used the
Molien series associated to finite molecular point group actions to obtain the dimen-
sions of basis made of homogeneous invariant polynomials of internal coordinates.
Since, given a linear representation of a (finite or, more generally, compact) group
G, all smooth G-invariant functions are smooth functions of invariant polynomials
(Schwarz 1975, see e.g. [9]), this approach is suitable to express any polynomial,
analytic or C* invariant functions.

The Schmelzer—Murrell approach was extended by Collins and Parsons [5] to cover
the rotation-inversion group action. In particular, they represented the molecular sym-
metry group on a set of O (3)-invariant internal coordinates (O (3) denoting the orthog-
onal group of a dimension 3 Euclidean space) and applied the Molien series treatment
to the action of the full permutation-rotation-inversion group. They also addressed
the problem of the indeterminacy of certain nuclear configurations for molecules of 5
nuclei or more, which can only be removed with the addition of redundant symmetry-
adapted coordinates. Our article should be understood as a prolongation of their work,
the applications of which were restricted to molecules with small nuclear permutation
groups in practice.

Our global approach to the problem is different from theirs, by the fact that we will
treat separately and successively the action of the orthogonal group and that of the
group of indistinguishable nuclei permutations. This simple idea makes amenable the
powerful algorithms of invariant theory for finite groups. So, although we have cho-
sen the relatively small penta-atomic molecule as an illustration, the study of bigger
molecules becomes computationally more tractable.

We have detailed a simple algorithmic procedure for constructing an integrity basis
(i.e. a complete family of algebraic generators of the algebra of polynomial invariants
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adapted to the structure of the corresponding Molien series, see below for a precise
definition). Various already existing algorithms could theoretically be used for the
same purpose, such as those associated to Grobner basis computations (see e.g. [6]).
However, for intrinsic complexity reasons, they do not seem to be able to treat high-
dimensional problems such as those encountered in molecular PES computations.

The article is organized as follows. In the next section, we recall some preliminary
results on internal coordinates invariant under the action of O (3) and introduce var-
ious notations. In the third section, we explain how a complete system of invariant
polynomials can be constructed recursively for XY4 molecules. The resulting min-
imal generating family of symmetry-adapted functions is listed in Sect. 3.2 and the
Appendix. In conclusion, we emphasize the points of our approach which are general
and those that are specific to the example chosen as an illustration.

2 Symmetry-adaptation to the rotation-inversion group, O (3)

In quantum chemical calculations, molecular geometries are often described by the
so-called Z-matrix in terms of internal coordinates such as bond lengths, bond angles
and dihedral angles. However, if a minimal set BN — 5 or 3N — 6 depending on
the molecule being linear or not) of such internal coordinates can always be defined
locally, it is not so globally, where many problems occur. For example, dihedral angles
are only defined at the nuclear configurations where the three nuclei used to determine
a reference plane are not aligned. If one avoids such “out-of-plane” angles and try to
use a locally complete set of 3N — 6 “in-plane” internal coordinates (i.e. internuclear
distances and in-plane angles, we do not consider the configurations where two nuclei
coalesce), then for molecules containing five atoms or more, the same values taken
by the set of 3N — 6 coordinates can correspond to several physically inequivalent
geometries [5,12].

This phenomenom means that a locally complete coordinate systems is not globally
complete. So, one or several, “redundant” coordinates have to be added to the “basic”
ones in order to get a one-to-one correspondance between sets of coordinates and
molecular shapes. Of course, for dimensional reasons, the redundant variables cannot
vary freely: as a matter of fact, the PES is a (3N — 6)-dimensional manifold (except
in a domain of measure zero), so the redundant coordinates must be constrained to
satisfy algebraic equations (called syzygies in the language of ring theory) relating
them to the (3N — 6) basic, free coordinates.

The fundamental reason for this need of redundant coordinates is explained by a
classical result due to Weyl. See also Collins and Parson [5] for an argument cen-
tered on a generalization of Molien theorem to O(3). Recall here, that rather than
considering the case of general, invariant, smooth functions we can limit the study to
the case of invariant polynomials in the Cartesians coordinates. Weyl’s second main
theorem for the orthogonal group [13] shows that the natural choice of, possibly redun-
dant, O (3)-invariant coordinates, is the set of the w scalar products of (N — 1)
“internal” vectors, and that there is no linear syzygy relating these O(3)-invariant
polynomials, since any possible syzygy is generated by polynomials of degree at least
4 in these scalar product coordinates. So, the algebra of O (3)-invariant polynomials in
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the Cartesians coordinates, P, is the algebra spanned by exactly N (1\;71) polynomial

N(N—1)
f—==5—

invariant of degree 2. Out of this minimal set o generators, one is free to form
(by linear combination) (3N — 6) basic, algebraically independent coordinates and
W — (3N —-6) = w auxiliary invariant coordinates, related to the basic
ones through the syzygies.

To fix the ideas and for later applications, let us consider the methane molecule.
For this molecule, we will take for body-fixed origin the Radau origin X defined as
follows. Let By be the barycenter of the hydrogen atoms H;,i = 1, ..., 4, B the total
barycenter of the molecule and C the carbon atom. Then, X is given by the geometrical
mean,

BuX =ByuC-BuB )

The shape of the molecule is entirely determined by the 12 Cartesian coordi-
nates of the four Radau vectors corresponding to hydrogen nuclei positions, Ti=
(xil, xi2, xi3),i =1,...,4, where:

!

—
r,-:X

T

@)

Since the PES is invariant under the action of isometries, and since the topological
dimension of O(3) is 3, locally, a system of 9 = 12 — 3 coordinates is enough to
describe the shape of the methane molecule. However, in order to parametrize the
PES globally, we follow Weyl and define 10 O (3)-invariant coordinates by setting,

dij = (ri |r7). 3)

We further ask that the coordinates be adapted to the S4 nuclear permutation sym-
metry of the molecule, and choose the following 9 basic coordinates:

1
Sy = E(d“ + dop + dzz + daa) 4
1
S = E(Zdn —di3 — dig — dp3 — drg + 2d34) (5)
1
Sop = §(d13 —d4 — da3 + doa) (6)
1
S3x 1= E(d“ —dy + d33 — daa) @)
1
S3y 1= E(d“ —dy — d33 + dya) 3)
1
83z = E(d“ + doo — d33 — dayg) 9)
1
Sax 1= E(d% —di3) (10)
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1
Say 1= ﬁ(dza — dia) (11)
1
Su, 1= ——(d34 — di). 12
4 \/5( 34 —d12) (12)

These are essentially the usual Ty-symmetry-adapted linear combinations used in
many studies on XY4 molecules, but here, they are linear combinations of the d;;
instead of bond lengths and bond angles or cosines of bond angles. These new coordi-
nates are degree 2 polynomials in the Cartesians, which generate a subalgebra of the
polynomial algebra over the Cartesian coordinates. The system is locally complete,
for example at the neighborhood of the equilibrium geometry: in this neighborhood,
the molecular shapes are described without ambiguity by these nine coordinates.

However, as already mentioned, the system is not complete [5,12]. That is, the
knowledge of the nine coordinates does not always determine the shape of the mole-
cule unambiguously. In such a situation, as a consequence of Weyl’s result, one has to
introduce an extra (or redundant) symmetry coordinate, for example,

L
NG

to make the system complete, S5 being the solution of a unique, monic, quartic, poly-
nomial syzygy:

S5 = (di2 +di3 + dig + doz + dra + dz4), (13)

X+ a3 X3+ X? + a1 X + ap,

where «; is a homogeneous polynomial of degree 4 — i into the remaining coordi-
nates S, ..., S4;. This property implies that any O (3)-invariant polynomial P in the
Cartesians can be written uniquely as:

P = Py+ PiSs + P,S3 + P3S2, (14)

where the P; are polynomials in the algebraically free variables Sy, ..., Sa;.

3 Symmetry-adaptation to the nuclear permutation-rotation-inversion group,
03 xG

Since a PES is invariant under the nuclear symmetry group obtained as the product
of the group of affine isometries (the semi-direct product of O(3) with the transla-
tions) and the nuclei permutation group, denoted G, it follows from the Schwarz result
recalled in the introduction that any smooth, analytic or polynomial expression of the
PES can be obtained in terms of O (3) x G-invariant polynomials. Our ultimate goal,
is to generate in the most economical way the algebra of these polynomials.

In the previous section, we have seen how to generate the algebra of O (3)-invariant
polynomials. In particular, we have found that, for XY4 molecules, a general O(3)-
invariant polynomial has the form of Eq. 14. In the present section, we rely on a
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fundamental result of ring theory stating that O (3) x G-invariant polynomials have a
general decomposition similar to Eq. 14.

The theoretical framework to describe invariants in polynomial algebras under finite
group actions is well known, both to mathematicians and chemists, so, we will drop
details and focus on the main results. Recall however, once again, the pioneering influ-
ence of Schmelzer and Murrell [10], as far as the determination of PES is concerned.
Besides [10], classical references on the subject are Refs. [1,3,11] or, Ref. [9] for an
overview of the various possible applications to chemistry and physics.

3.1 Hironaka decomposition

Let P denote the ring of O(3)-invariant polynomials in the Cartesians coordinates

for the field of real numbers, R, constructed in the previous section, P = € Pay,
n>0

where P; is the vector space of O(3)-invariant polynomials of degree i, and let P¢

be the subalgebra of polynomials also invariant under a linear action of group G.

One see easily that P¢ = @ ng where PI.G = PY N P; is the vector space of
n>0

0(3) x G-invariant polynomi_als of degree i.

Note that O (3) is a reductive group that is to say (see p. 284 of [2]) it has no con-
nected, unipotent, Abelian, normal subgroup other than {/d}. Recall that a unipotent
matrix group, (G,+), is a matrix group made of unipotent elements i.e. elements that
are the sum of the identity and a nilpotent element, Vg € G, 3f € G, n € N, such
that g = Id + f, and f" = 0. The property is clear here because, up to conjugacy in
GL(3), no element of O(3) can be represented by an upper triangular matrix with all
diagonal elements equal to one, except the identity.

So, O(3) being a reductive group and R being of characteristic 0, the main theo-
rem of Hochster and Roberts ([8], p. 115) applies to it and also extends to O(3) x G
(see [8] p. 153 and [7] p. 482): for any maximal set of homogeneous, algebraically
independent, invariant polynomials, f1, ..., fi (m = 3N — 6 in the case of a PES),
PG isa finitely generated, free module over the algebra, R[ f1, ..., fi,], spanned by
f1, .., fm,1.e. there exist a finite number of invariant polynomials, g1, ..., gp, such
that

PO =RIf1,.... ful ORI f1, ..., fulg1 @ ®RIf1. ..., fulgp.  (15)

Such a decomposition is sometimes referred to as a “Hironaka decomposition”, and
defines a so-called “Cohen-Macaulay” algebra. The Eq. 14 is a concrete example of
such a decomposition. The f; are called the basic invariants, and the g; the auxiliary
invariants. The whole set {f1,..., fu; g1,..., gp} (Where we put a semicolon “;”
to separate the two types of invariants) is referred to as an integrity basis. Note that
contrary to the O(3) case dealt with in the previous section, there is no reason why
the auxiliary invariants of higher degrees could be expressed as product of auxiliary
invariants of lesser degrees (degree 2 in the case of O(3)).

The elements of an integrity basis can always be chosen homogeneous, and from

now on, we will always assume that the homogeneity property holds. Notice that,
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even with this assumption, there is no unicity in the above construction: for example,
if G = {Id} acts on the polynomial algebra R[x], {x} and {x?; x} are two integrity
basis. However, for a given choice of the basic invariants, the number of the auxiliary
invariants and their degrees are fixed and determined by the so-called “Molien series”,
as we shall see now.

By definition, the Molien series, Mol (¢), associated to the representation of O (3) x
G on P we are interested in, is the Hilbert series (also called Poincaré series),
Hilb(PC, 1), of the graded algebra P,

Hilb(PY 1) = > dimPf ', (16)
i>0
up to the normalisation factor, m. Suppose that {f1,..., fi; g1,...,&p}is a

given integrity basis, then the Molien series can be cast in the following form,

1 4 rdeg(e) 4 ... 4 pdeg(gp)

Mol(r) = (1 — rdes(D)y (1 — ¢degCm)y

a7

So, if the degrees of the basic invariants are given, then the quantity, Mol(t) -
(1 — ¢4e8()y (1 — t9e8(fm)) determines the number of auxiliary invariants of each
degree (note that the degrees are not necessarily distinct in this expression). The prob-
lem of generating P¢ comes down to the computation of a complete set of such
auxiliary invariants given a set of basic invariants.

Let us return to the C H, example with the coordinate system of Sect. 1. The nuclei
permutation group G is the symmetric group of order 4, S4. We only need to consider
the reduced representation, P’,, spanned by (Sza, Sobs S3x, S3y, S3z, Sax, Say, S4Z),
since S7 and S5 transform as the trivial representation of Sy. In other terms, the com-
putation of the invariant polynomials under the full symmetry group of the molecule
reduces to the determination of Sy-invariants polynomials in the subalgebra P’ gener-
ated by Sy, . . ., S4; of the polynomial algebra over the cartesians. Since Sy, . . ., S4z
is a family of algebraically independent variables, P’ is (isomorphic to) the polynomial
algebra R[So,, ..., S4.], and the action of S4 on this algebra is induced by a linear
representation of S4 on the linear span of Sy, ..., S4;.

The Molien series for the action of S; on P’ can be computed explicitly and reads:

14124 50349r% + 1265 + 1810 + 2117 + 241842619+ 15104 8¢ 11 4412

Mol(t)= a- t2)3(1 _ l3)3(1 _ l‘4)2

(18)

Since, as we shall see, there exists a set of 8 basic invariants corresponding to the
denominator (i.e. such that three of them are of degree two, three others are of degree
three, the remaining two being of degree four), the value of the numerator minus one
for ¢t = 1 shows that there are 143 auxiliary invariants to determine. So, if we denote
by {f1,..., f8;: &1, ..., g143} an integrity basis corresponding to the Molien series,
Eq. 18, a general O (3) x Sy-invariant polynomial element of P¢ will identify with a
unique linear combination of monomials:
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LR fEaSh i jseN, 0<k<143,0<1[<3, (19)

where we set gg := 1.

3.2 Algebrically independent generators

Let us construct first the family f1, ..., f3 of basic invariants.
Notice that the representation of S4 on the vector space R(Sy,, ..., Si,) generated
by S24, - . ., S4; splits into a direct sum of irreducible representations:
R(S24, S2p) @ R(S3x, S3y, S37) @ R(S4x, Say, S4z). (20)

To each of these irreducible representations is associated a polynomial algebra
(R[S24> S25], R[S3x, S3y, S3;1, and R[S4y, S4y, S4;] respectively), and a module of
invariant polynomials (R[Sx,, $251%*, R[S3x, S3y, $3.1%%, and R[S4y, Say, Sa,15*
respectively). These modules are in fact polynomial algebras, that is, for a suitable
choice of the basic invariants, no auxiliary invariant appear in their Hironaka decom-
position.

This follows from Theorem 7.2.1 p. 83 of [1] (see also [4]). This result gives for
the case of interest here:

Theorem 1 Let V be an n-dimensional vector space and G be a finite subgroup of
GL(V). There exist n algebraically independent homogeneous invariants f1, ..., fu
such that R[V1° = R[f1, ..., ful ifand only if G is generated by pseudoreflections,
that is by linear transformations of finite order whose fixed space has dimensionn — 1.

Although the representation of S4 on the vector space R(Sa,, . . ., S4;) is not gen-
erated by pseudoreflections, it can be shown that the subrepresentation of S4 on
R{S24, S26), R(S3x, S3y, S37), and R(S4y, S4y, S4;) respectively, are generated by
pseudoreflections and therefore, Theorem 1 applies.

Consequently, the search for the 8 basic invariants of the initial representation
reduces to the search of the 2 basic invariants of R[Sy, SZb]S“, the 3 basic invariants
of R[Sy, S3y, S3Z]34 and of 3 basic invariants of R[S4y, S4y, S4Z]S4.

In fact, their forms are familiar as they have already appeared in the literature. We
list them below by degrees of increasing order:

(1) Degree 2:
fi=1 = &ﬁ%’ @1)
fh=1= S%“Lj{rsgz (22)
fr=17 = S‘%‘Ljﬁ (23)
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(2) Degree 3:

B S5, — 383,82

fa=13: 7o (24)
fs =13 = $3: 53,53, (25)
fo = Ig = ,5'4)“5'4”5‘4Z (26)
(3) Degree 4:
St + S5+ Sy
fr=1= % 27)
St o+ St + st
fa=0=—"2 " = \/% <. (28)

3.3 Algorithm for the determination of auxilary invariants

The determination of the auxiliary invariants is done inductively, using the Molien
series and the family of basic invariants already obtained. We detail the inductive
process, since the construction could be generalized to the determination of invariant
polynomials for any molecule and any nuclear symmetry group.

Notice first that one can take advantage of the algebra structure of the representation
ring of G to refine the Molien series computation -and split the series into pieces, see
e.g. [9]. This property has a simple counterpart when computing auxiliary invariants.
Namely, the algebra of invariant polynomials under the action of the symmetry group
of the nuclei splits into multi-graded pieces.

Concretely, it can be shown easily that one can choose auxiliary invariants of the
algebra of polynomial invariants that are homogeneous when considered as polynomi-
als over any of the set of variables: {S2q, S2p}, {S3x, S3y, S32), {S4x, Say, Saz}. We say
that such a polynomial is multi-homogeneous and write respectively da(P), d3(P),
d4(P) for the partial degrees with respect to the three sets of variables. We denote by
Bas(ds, ds, dy) the set of all the monomials in the basic invariants of partial degrees
da, d3, ds.

The general structure of the algorithm for computing auxiliary invariants reads
as follows. As already alluded at, the algorithm is by induction (with respect to the
degrees of generators). The algorithm constructs for each multi-degree (d», d3, ds) a
complete set Aux(dz, d3, ds) of auxiliary invariants.

(1) Initialization of the algorithm: compute, inductively, for all multidegrees (d>, d3,
dy) the corresponding set of multi-homogeneous monomials in the basic, algebra-
ically independent, invariants: Bas(da, d3, ds).

Set Aux(d>, ds, dy) = {1} for (dy, d3,ds) = (0,0,0), and Aux(d>, d3,ds) = ¥
in all other cases.

(2) For 1 <n <12 (= maxdeg(g;) appearing in the Molien series numerator, see
Eq. 18), assume also that the auxiliary invariants of total degree n — 1 have been
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constructed. Put the lexicographical order on the multi-degrees (d>, d3, d1), such
that dy + ds + d4 = n.

3) For (0,1,n — 1) < (da,d3,ds) < (n — 1, 1,0) (to skip some multidegrees, use
the fact that according to Theorem 1 there cannot be any auxiliary invariant with
only one d; # 0 for XY4 molecule), construct all the invariant monomials in the
basic invariants and the auxiliary invariants that can be obtained as the product
of an element of Bas(d), dj, dy) with an element of Aux(dy,dy,dy) such that
dr = dé +dj,dz = dé +di,dy = d‘/t + dz/(. Call Inv(d», d3, dy) this set of
monomials.

(4) Using the Reynolds operator associated to the nuclear symmetric group Sy,

1
— >
Card(G) o)

which is a projector from the algebra of polynomials in the Sy, ..., S4; to
the algebra of Ss-polynomial invariants, construct an ordered set of generators
B(da, d3, dy) = {b1, ..., by} for the vector space of Ss-polynomial invariants of
multi-degree (da, d3, ds).

(5) Test recursively if the elements of B(d», d3, ds) belong to the linear span of
Inv(dy, d3, ds). If the element b; belongs to Inv(da, d3, ds), proceed to b;41
aslong asi < k. Else, set Inv(da, d3, da) := Inv(da, d3, ds) U {b;}, Aux(da, d3,
dy) := Aux(da, d3, ds) U {b;} and proceed to b; | as long as i < k. When all the
b; have been considered, a complete family of auxiliary invariants of multi degree
(dy, d3, d4) has been obtained, Aux(d>, d3, dy).

(6) Proceed to the next multidegree (d», d3, d1), in the lexicographical order. If (d>, d3,
ds) < (n—1, 1, 0) goto point (3). If (d2, d3, ds) = (n,0,0) andn < 12 increment
n and goto point (2). Finally, if (da, d3, d4) = (12, 0, 0) the Molien series Eq. 18
allows one to conclude that all the auxiliary invariants have been found. Terminate
the process.

The complete list of the 143 auxiliary invariants is given in Appendix.

4 Conclusion

We have determined for the first time an integrity basis of the O (3) x Ss-invariant sub-
algebra of the polynomial algebra over the translation-free Cartesians coordinates. It is
composed of 9 algebraically independent, basic invariants and 575 auxiliary invariants
(Ss. S2, 82 the 143 invariants given in Appendix, and their products with Ss, SZ, S3).
These polynomials can be used to express (the smooth part of) symmetry-adapted,
global PES for XY4-type of molecules.

In this work, we have taken advantage of specific features of XY4 molecules. For
example, we have used the fact that the action of S4 on the degree 2 O (3)-invariant
polynomials in the cartesian coordinates splits into subrepresentations on which the
action of Sy is generated by pseudo-reflections. If this had not been the case, the mul-
tidegree indices in point 3 of the algorithm of Sect. 4 would have had to run over all
possibilities, including the case where all the partial degrees but one are zero. However,
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the strategy followed to derive the invariants is general, since for all finite group, G,
the O (3) x G-invariant polynomials form a Cohen-Macaulay algebra by the theorems
of Hochster and Eagon and Hochster and Roberts [7,8].

Molien series derivation is not compulsory in our approach. It is used essentially to
know when to stop the algorithm. However, there are other ways to determine upper
bounds on the maximal degree of the auxiliary invariants and the maximal number of
the latter.

In fact, our approach makes available for the study of global PES. the recent tools
of ring and invariant theory such as Cohen-Macaulay-type properties and the related
effective computational tools of modern commutative algebra [6], which go far beyond
the classical Molien series approach in quantum chemistry.

In the near future, we will extend our approach to the case of more general type
of symmetry-adapted polynomials, in order to deal with dipole moment surfaces in a
similar fashion.
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Appendix
Aucxiliary invariants for XY4
Degree 2; card=1

AO,LI . S3y Sax + S3yS4y + 83;84;

1 T \/5

Degree 3; card=5

83784x 84y + S3ySaxSaz + S3xS4ySa;

4012 .
: V3
A0,2,1 o S3ySBZS4x + S3x S3z S4y + S3x S3yS4z
1 . ﬁ
1
4102 < (38 (= 83, + S3,) + V352 (53, + $3, - 252.))
BRI /3
A= 6(352b(_s3xs4x + 83y Say) + V3824 (S3x Sax + S3ySay — 283:547))
1
A2 L5 (-, + ) + VES(5 + 57, - 252)

Degree 4; card=9

S3:S3. + S3y Sjy + 83.53,

01,3
AV =
1 \/g
2 @2 2 @2 2 @
2022 ._ S35, Shy + 85,85, + 85,54,
1 \/§
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83783784y 84z + 832845 (S3yS4y + S3:547)
3
3, S4x + 83,54y + 53, S4z
/3
1
AP o= 2 (382(S3ySax = S3e549) Saz + V320 (~ 253 Sax Sy

022 _
Ay =

A?‘3’1 =

+S3yS4xS4z + SSxS4yS4z))
1

AP = 2 (3823 (S3ySar — SacSay) — V32 (53,535
+S3xS32S4y - 2SSxS3yS4z))

1
A%’O'z = m(6S2a S2p (Sfx - S;%y) + 3\/§S%a (Sé%x + S‘%y)

+v/353, (S, + S, +4S5.))

1
APIT = (6820526 (S35 Sax — S3ySay) + 33383, (S3xSax + S3,54)

6+/5

/353, (832 Sax + SaySay + 4S3:54))

1
AP0 = m(ésh S (83, — S3,) +3v/383, (83, + 53,)

+v/353, (S5, + 53, +453,))
Degree 5; Card =12

1
4923 . %(S3y53zs4x (S5, + Si.) + 3 (Say (Si, + S3,) Sa
+832Say (S + 53)))

S3.SaxSay + 53, SaxSaz + S3, Say Saz

2032 ._
: V3
1
A0 L (58, 52058 — V525358 + S (~ 25, + 52)
1
Ai’l’?) = @(351% (S3YS4Y (Sé%x - Sé%z) + S3x Sax (Sé%y - S‘%z))

/380 (2832 (— S5, + S3y) Saz + S3:Sax (S5, — Siz)
+83yS4y (=3, + 53)))

1
AV 6_ﬁ(352“ (S3ySay Say + S3uSax S5, — S3:(S4, + S3,) Saz)

/3820 (832 (=53, + S3,) Sz + S3ySay (3, +25%,)
SheSun (5] +252)
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1
a2 im L (a5, (53,(2, - s3) + (53, - 52)

672
+/382(— 285, (83, — S3,) + S35, (S3y — S3.) + S5, (= Sk + 532)))
1

Aé’z’z = 8(3SZbS3Z(_S3xS4x + S3yS4y)Sa; — x/§S2a(— 2535 S3y Sax Say
+S3xS3zS4xS4z + S3)’S3ZS4yS4Z))

1
AP = (3820 (83083, Sax — 83,832 Sz + 83, (S3ySay — S3:842))

6+/2

/380 (— S5 (83, + 253, ) Sax + S3y83: (23 Say + S3y542)
+53, (S3ySay — $3:542)))

1
Aéj’l 1= —= (352 (S (S32y - S32z)S4x + 83,3y Say — S3yS32zS4y)

6+/2
V3 2 _ 2
+V/382 (S3x (S35, — S3,) Sax + S3yS3:(S3:Say + 283 54;)

— 83, (S3ySay +283,54,)))

1
A= L350, (<3, + 5355~ VAS(,55 + 53, (~ 283, + 52)))

1
A%’l’z = m(GSza S2b(—S3y Sax + S3xSay) Sz + 3353, (S3ySax + SaxSay) Saz
+«/_ 352, (483 Sax Say + S3ySaxSaz + S3xS4ySa;))
A%l’l = (6S2aS2bS3z( S3yS4x + S35 S4y) + 3382, (83832 Sax
64/11
+83x S3ZS4y + 283x S3yS4z) + «/gS%,, (SSSyS3zS4x + 583x S3ZS4y
+283¢ S3y S4z))

Degree 6; Card=18

4 2 ¢4 2 ¢4
S%xsélx + S3yS4y + S3ZS4Z

2024 .
1 \/§
3 Q3 3 Q3 3 Q3
A0'3’3 L S3xS4x + S3yS4y + S3zS4z
1 - \/—
3
A0’3’3-—L(S2S2(S Say + 83:842) + S3y53:84yS42(S3ySay + S37542)
2 \/6 3x 94y D3y o4y 3704z 3y03z04y94z(93y 04y 3794z

+S83x Sax (S32ysé%y + S%zsé%z))
4 Q2 4 Q2 4 Q2
0,4,2 . S3xS4x + S3yS4y + S3ZS4Z

A =
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A

4123

2

AL

4204 .

A2,1,3 .

A1,2,3 .

A1,3,2 .

1,3,2 .

2,1,3 .

L4 _

1
@(ﬂszb(— 283,53, Say + 2835453, — S3y53, Sz + S3::S3, 54z
+ 83y Sax 53, — S3:SayS3,) + 38244z (S3x Say (83, — S3z)

3 2
+83y (3, — S4xS5)))

1
m(— 3824 (S3y 832 Sax Sfy + S3x (3,83, Say — S3y (87, + SZy)S4Z))
/3805 (S3y S3: Sax (S5, + 257.) — Sax (Say (=53, + S3,) Saz
+S3ZS4}’ (Sé%x + zsé%z))))

1
m (3SZaS4z (_S3y S3zS4x S4z + S3x (S3y (Sz%x + Sz%y) - S3zS4yS4z))
/382 (S3y 8354 (257, + S3.) — S3x(S3y (83, — S3,) Saz
+83:54y (283 + 5%.))))

1
_6J§ (382 (S32yS3ZS4xS4y — S3x S§y SaySa,+S3, S (S3284y—S3y542))
/380 (—S3x (83, + 283.) Say Sz + S3y 832 Sax (S3y Say + 283:S42)
+S32x(_S3zS4xS4y + S3y84xS42)))

1
—— (3524 (S5, S3y Sax — S35, Sax + S3: (83, — 53,) Say) Sa
6+/2
/350 (S35 (S35, — S3.) SaySaz — 53, Sax (253 Say + S3y542)
+S3yS3zS4x (2S3yS4y + S3ZS42)))

1
6—ﬁ(— 3824 (3, S3:Say — S3, 3y Sz + 53, (S3: 54 — S3:842))
V38 (— 3 2 3 _
/382 (=32 (S5, + 2832 S3,) Say + 53, (S3:5ax — S3x542)
+83, (253, Sax + 53, 542)))

1
m(@gza Sab (Six - Sftly) + 3\/§S22a (Six + Sjy)
+v/353,(S4, + Si, +4S1.))

1
m(6s2a S2b (S3x ng - S3yS2y) + 3\/§S%a (S3XS4%X + S3yS2y)
+v/3855, (S3:83, + $3,53, +483.54,))

- f(6sza 26 (S3y 83, Say — 3 SaxS3, + S3:(S3, — S7,) Saz)

+3V/353, (S3y Sty Say + S3xS4xS3, + S32 (S, + S3,) Saz)
+ﬁS§b (S3Z (Sé%x + Sé%y)S“Z + S3yS4y (Sé%x + 4SZz)
+83x Sax (Sé%y + 4S4%z)))
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1
A?’Zz = _(6S2”S2b (S32xsé%x - S%ysé%y) + 3\/§S%a (ngsé%x + S%ysﬁ%y)

6v/5
2 2 o2 2 o2 2 o2
+\/_52h (S3x S4x + S3yS4y + 4S3ZS4Z))

A= ——— . (6SzaSZbS3z(S3xS4x S3ySay)Saz

+3f 353, (S3yS3: Say Saz + S3xSax (283, Say + $3:542))
+/3855, (583 834y Saz + S3xS4x (233 Say + 553:542)))

1
AT = m(6$2a b (53, Sax — S3,S4y) + 37383, (53, Sax + S3,54y)

/353, (83, Sax + S3,S4y +453.542))

Az - J_(észasy,( S3:83, Sax — 83,354z + 85, (S3ySay + $3:542))
+3/383, (833, Sax + 53, 83: 84z + S3,(S3y Say + S3:542))
/353, (3 (S3, + 4S3.) Sax + S3y83: (453 Say + S3y542)

+S32X(S3ys4y + S3ZS42)))
1
A%A’O = m(6S2aS2b (S?X - S;) + 3“/§Szza (S§x + S§Y)
++/383, (53, + 5%, +45%))

Degree 7; Card =21

1
A% = %(ng S3c(S3:Say + S3yS4:) + S3y53: Sax (3583, + $3:53.)
+53x (S%ys‘%ys“z + S32zS4ySz%z))
1
AVE3 NG (83,2 (S3:Say + S3ySa2) + S31SaySaz (83, Say + 53, S4z)
183y 832 Sax (S’a?ysé%y + S?%ZSZZ))
1
AV i (3520 (50,53, (55 — SE) + S35, (53, - 53)
/380 (283: (— S3, + S3,) 3. + S3: 53, (S3, — S3.)
+S3y52y(_sfx + ng)))
1
A}’2’4 L= _(3S20 (Sgysé%y (Sé%x - Sé%z) + S%xsé%x (Sé%y - Sé%z))

6+/2
/32 (253 (<3, + $3,) 5% + S35 (53, — 52)

+S§yS§y (_Sé%x + Sﬁ%z)))
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Ay

1,51 .
AP

124

2,14 .

1
m (3 S2a (_S3y S3z Sz%y Saz+S3x (S3y SaxSay (Sz%x +S4%y) =83z S;Cx 542))
+/382 (S3y 832 Say Saz (S3, + 287.) + S3x Sax (S3ySay (S3, — S3)
—83.854: (83, +25%.))))

1
(3S2“ (SgyS“y (Sé%x - Sé%z) + ng Sax (Sé%y - Sé%z))

6v2
+ﬁ52b (2ng (_Szx + Sé%y)S“Z + S?z;x S4X (Sé%y - Sﬁ%z)
+S§’ys4y (_Sfx + Sﬁ%z)))

L(3S (3557, 84257, — 53,5357, 84z + 3,54 (S3ySay — S3:542))
6\/5 2a\P3x93y04x 94y 3yR3z094y04z 3x P4y (O3yO4y 3794z
+\/§S2b (ng Sz%x (S3yS4y - S3zS4z) + SSy S3zS4yS4z (SSy S4y + 2531541)
— S35 Sax (S%ysé%y + 2S322S4%Z)))

1
ﬁ(?’SZa (ng S%ysi)x - S32yS3ZSi)z + S%x (S3}'S2y - S3ZS21))
/380 (—S3x (83, + 253.) S3 + S3y 832 (25353, + S3,5%.)
+S§x (S3)’S2y - S3ZS§z)))

1
(352“ (S3x (S?%y - S?%z)sgx + S?%xS3yS2y - S3yS321S2y)

6+/2
/350 (S35 (83, — $3.) Six + S3yS3:(S3: 53, + 253, 53.)

_ng (53}’&%)’ + 2S3ZS22)))
1
m(?’SZa (Sgly (Sé%x - Sﬁ%z) + Sglx (Sé%y - Sﬁ%z))
+\/§52b(_ 2S§z (Sé%x - Sé%y) + S?x (Sé%y - S‘%z) + Séty (_Sé%x + Sé%z)))

1

675(352,1 (S3x3, SaxSay — S3, 83054y Saz + 53, Sax (S3y 54y — S3:542))
V3825 (S3y83: (S, + 252.) Say Saz + S3. Sax (S3ySay — S3:542)

+ Zb( 3y 3z( 3y+ 32) 4y 4z + 93, o ( 3yO4dy 3794z

— 831 Sax (83, Say + 283, 54:)))

1
6—ﬁ(352a (S3x53, Sax — 3,354z + 53, (S3ySay — $3:542))
+v/380 (= 3 (S3, + 253.) Sax + 283,53, Say + 53, S3:Sa:
+s§x<sgvs4y — $3:842)))

- J_ ——— (6520525 (S3:83, Say — S3:S4x 53, + S3y53, Saz — 353, Sa2)

+3v/383, (830542 Say (S, + Siy) + (S3ySi, + S35y ) Saz)
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A2,2,3

2,23

232 .

2,32 . _
A=

A2,4,1

AZ;:,Z,Z
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1
6+/10

+/353, (832 Sax Say (S3; + S3y)
+ 54 (S3y S5, + S3: S5, + 483y Sax Sy + 453,54, 57.)))

2 2
6¢—(6S2a52b( S3y 8384 S, 4 S3x (3057, Say

+53y (S4x - Sz%y)s42)) + 3ﬁS§a (S3yS3zS4x Sé%y
+ 83 (83253, Say + S3y (S, + Sz%y)S4Z))

+V/353, (S3y S3: Sax (3, + 453.)

+83¢ (S3y (Sé%x + Sz%y)s4z + S3: 84y (Sé%x + 454%1))))

6¢—(6S2a S22 (—S3y 32 Sax Saz + S3x (S35 (=3 + 53,)

+83:S4ySaz)) + 37383, Su (S3yS3: Sux Saz + Sax (S3y (S3, + 53,)
+83:84y542)) + V383, (S3y S3: Sux (483, + S3.)
+53x (SBy (Sz%x + Sfy)S4z + S3zS4y (4S4%x + Sé%z))))

1
VG (6524525 (—S3, Sax+53, Say) Saz+3+/383, (53, Sax +S3, Say) Saz
/353, (453, S4x Say + S5, Sax Saz + S3, 54y Saz))

(652026 (=53, S32 Sax Say—S3x 53, Say SaHS3, Sax (S3:Say+S3S4:))

+3+/383, (53, 832 Sax Say + 353, Say Saz + S5, Sax (S3:Say + S3yS42))
/353, (S35 (83, + 453.) Say Saz + 53, Sax
(S3z54y + S3y S4z) + S3yS3zS4x (S3VS4y + 4S3ZS41)))

6«/_ (6524525 (83, S3: Say + 53, S3y Saz — Siy(S3zS4x + S3:542))

+3V/353, (83, S3:Say + S5, 53y Saz + 53, (S3:Sax + S3:842))
/353, (3 S3: (S5, + 4S3.) Say + S3,(S3:Sax + S3:542)
+53y (453, Sz + $3,S42)))

12\/— (9S2a (S3y54y (S4x S‘%z) + S3x Sax (Sé%y - Sé%z))

+9824 Szb(S3yS4y (Sé%x - Sé%z) + S3xSax (Sé%y - Sz%z))
++/383, (883: (— 3, + S3,) Saz + S3:Sux (S5, — S3.)
+83y Say (_Sé%x + Sﬁ%z)) - 9\/§S§a Sab (S3y54y (Sé%x - Sé%z)
+53x54x(—53y +52.))

12«/— (9SZa (S3y (S4x Sé%z) + S?%x (Sé%y - Sé%z))

+9524 S2b (S32y (Sé%x - Sé%z) + S%x (Sé%y - Sé%z))
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+\/§S§b(_ 8S§Z (Sé%x - Sé%y) + S%x (Sé%y - Sﬁ%z) + S32y (_Sé%x + Sé%z))
_9\/_S%a52b (532)1 (Sé%x - S‘%z) + S32x (_Sé%y + S‘%z)))

3,3,1
Apth= o _(9sza (S3:53, Sax — 53,83:S4z + 53, (S3y Say — S3:542))

+9824 53, (S35, Sax — 53,8354z + S5, (S3ySay — S3:542))
+9v/383, 505 (—S3x 53, Sax + 53,83:Saz + S3,(S3y Say — S3:542))
/385, (—S3: (S5, + 853.) Sax + S3y53:(853: Sy + S3S4)
+83,(S3y 54y — $3:542)))

Degree 8; Card =24

AVHS i (8254 (S3ySay + S3:542) + 3553, Say Suz (3,53, + $3.53.)
V6 !
+S3XS4X (S?%ysiy + S’ngsiz))
4 4 o4 4 o4
2044 53,54, + S3,84y + 85,54,
1 - ﬁ
1
A4 %(sgy S3:53, Saz + S3y 83,84y S, + 53,54, (S3ySay + S3:842)
+S3XS4X (Sgysiy + ngsgz))
1
AV (85,52 (S3ySay + S3:542) + 3553, Say Suz (S35, 4y + S3.54,)
NG :

+83x Sax (Sgtysé%y + ngsé%z))

1
A2 m(—ssh (S3yS3: 841 S3, + Sax (354, Say — S3y(Si + S3,) Saz))

/350 (S3y 32 Sax (S4, +251.) — S (S3y (=S4 + S1,) Saz
+832Say (S, +251.))))

1
AP im (352,50 (53,50, (53, — 53) + 53, (53, — SueS2)

672
+ﬁS2h (ng (_Zsix S4y + 284x Sé%y) + S33x SayS4z (Sé%y - Sé%z)
+S§’)7(_S2XS4Z + S4xS2z)))

Ay = 3824 (3, S3: Sax S3y — 53 53,53, Saz + 53, S5 (S3:Say—S3y Sa2))

1
672 (
+\/§Szb (S%x Six(—S3ZS4y + 83y 847) + 83783, S4x (S3y Siy + 2531522)
_S3x (S?%y S‘%y S4Z + 2S§z S4.V SZZ)))

1
AP = (38243, 32 Sax 53, — S35 83,53, S4z + 53, 83 (832 S4y—S3y542))

62
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/352 (53,3, (= S3:Say + S3ySaz) — S3Say Saz (53, Say + 253, 54:)
183y 832 Sax (S’ngsé%y + 25?%154%2)))

1
AYHY = (3820542 (S3053, 53, — 53,83 S42 Suz + S3, Sy (S3ySay — S3:542))

62

/380 (— 5383, (253, Say + S3,542) + S5, Say Saz (S3ySay — S3:542)
+S3}’S3ZS4X (2S32z54%y + S%ysé%z)))

a2 L ae g g S S St S Sas 5% Sur (S S4y— Sy
1 = m(_ 2a( 3yR3z04x 94y T O3x 93y 94y 4z + 3x 4x( 37094y —93y 4z))

+v/382 (=3 (83, + 253,) Say Saz + S3383: 54 (53, Say + 253, 54c)
+S§x(—sszs4xs4y + S3yS4xS42)))

AT = ——— (682082 (S3y Sk Say — S3:Sax 1, + S3: (84, — S4,) S42)
6«/
+37/353, (S3yS4, Say + S3xSax Sy, + S32(S1, + S4,) Sac)
+\/§S§h (S3Z (Sfl‘x + Siy)S4Z + S3)’S4y (Sjl‘x + 4S4‘11z)

+83:Sax (S5, +454.)))

1
2,2,4 .
A= m(“zaSzb(Saszfx — 83,54)) + 3383, (83,854, + 53,54,
+\/_S%b (ng Six + S?%ysgy + 4S§ZS21))
AFP = ——— (6820825 (—S3y 5353, Sz + 3 (S3ySaxSay (S3, — S3,)

6«/_
S8, 510)) + 3V, (S 53053, St + Sae (S 50:54, (82, + )
+52.58,50)) + V353 (S 5250, S (53, +452)
+83x Sax (53y54y (Sé%x + Sé%y) + 83:84; (Sé%x + 4S§z))))
1
a0 = s (sl - $,8) + VAR + 55
+\/§S§b (ng Six + S'j?ysgy + 4S;ZSK%Z))

1
AP = m(@za S2b(S3x Sax — S3ySay) (S3yS3:Say Saz + Sax Sax (S3y Say
+83:84:)) + 3v/353, (53053, Sax S3, + S3,53:57, Saz + S5, 57, (S3ySay
+83:542)) + «/§S§b($§x Sie(S3ySay + S3:542)
+ 83y S3:Say Saz (S3y Say + 453:S42) + S3xSax (83,57, +453.5%.)))
1
AT = (6820825 (—S3:53, 53, — S3,53: 53, + S5, (353, + 53:53.))

6410
+3\/§S§a (S3XS§ySA%x + S32ys31522 + S%x (S3yS2y + 532521))
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2,42,
AFH2

A?’M :

A?’2‘3 :

2,33 .

A2,4,2 :

2,51 .

332 . _

+/383, (S5 (S5, +4S3.) Si + 533532 (483:Siy + S3,53)
+53, (S3y 83, + 53:53.)))

1
m (_6520 S2b (ng S3y Sﬁ%x Say + S3y 532z S4y sz

=832 8ax (Sgysé%y + SSZZSA%z)) + 3\/§S§a (532x53y54%x Say + S3yS32zS4ySZz
+S3: Sax (3,57, +53.57.)) V383, (S3y S3: Say Saz (43, Say + S3:842)

+S§xS4%x(S3y S4)’ + 4S32S4z) + SSx S4X (Sgysf)* + S%ZSA%Z)))

1 4 o2 4 2
E (652“ S2p (S3x Siy — S3y S4y)
+3V/383, (83, Sk + 53,53y + /353, (S5, S5, + S3, 53, + 453.5%.))

1 3 3 3
m(&gﬂl SZb(_S3xS3yS4x S4y - S3yS3zS4yS4z + ng Sax (S3yS4y
S3.S. V383 3 3
+83:542)) + 3383, (S3xS3yS4x Say + 83,53 Say Sz
+53, Sax (S3ySay + S3; S12)) + V353, (S3y83 (Sgy + 4S§z)s4y S4z

+S§x Sax(S3ySay + S3:842) + S3:Sax (83, Say + 453, 542)))

- f (652026 (—S3:: 53, Sax — S3, 83 Saz + 53, (S3ySay + S3:542))

+3V/353, (S3: 53, Sax + 53,5354z + 53, (SaySay + S3:842))
/353, (S (S5, + 4S3.) Sax + 483,53, Say + 53,5354z
+S§x(S3) S4y + S3zS4z)))

> \/_ ——— (9383, 525 Saz (— 3,53, + S3x53, + S3ySax Sz — S3xSayS7.)

/353, (-883: S5, Say + 883:S4x S5, — S3y 83, Saz + S3: S5, Suz
+ 83y Sax 53, — S3:SayS3,) + 93,4z (S3x Say (83, — S3z)

+83y (She = Sax i) + 952053, Sa: (S5 Say (S5, — 552)

5 (5% = 5u52)

> \/_(9\/_ 3452 (S3yS3:Sax S5y — Sax (83255, Say

+83y (_S4x + Sz%;)S4Z)) - 955, (S3yS3zS4sz%y + Sax (53154%): Say
83y (3, + 52,)842)) — 952057, (83 S3: Sax S5y + S (83055, Say
—S3y (Sty + S2,)S4z)) + V353, (S3yS3: Sax (57, + 85%)

_S3x (S3y (—Si + S3,) Saz + S3:S4y (3, +85%))))
m (—953, (83,53 Sax Say — S3:53,SaySaz + S35, Sax (S3:Say
—S83y54:)) 952053, (53,53 Sax Say — 353, Say Saz + S5, Sax (S3:Say
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—S3y842)) — 9v/3583, Szb(—Sgy 837 84xSay + S3XS32yS4yS4z
+53, Sax (S3:Say — S3y542)) + V383, (— S35 (83, + 8S3.) Say Saz
+ 83832 84x (S3yS4y + 853,54;) + S32x(—S3ZS4xS4y + S3yS4xS4Z)))

1
34,1, _ 3 3 3 3
Al = 12\/ﬁ (_9S2a (S3xS3zS4y - S3xS3yS4z + S3);(S3ZS4X - S3xS4Z))

—982453, (S3, S3:Say — S3, 53y Saz + 53,(S3:Sax — S3:Sa2))
+9V/353, Son (=53, 53 Say + 53,83y Saz + S3,(S3:Sax — S35542))
/383, (—S3: (53, + 855:53.) Say + 3, (S3: 54 — S3:842)
+83y (883 Sax + 53,542)))

Degree 9; Card =26

1
4045 %(sgx S (S3:Say + S3yS42) + S3y53:S4x (3,84, + S3.54.)
+S3x (Sg)ysin% + S?ZS‘U’SZ‘Z))
1
4054 7 (83, Say (S3:Say + SaySaz) + S3y53:84x (83,53, + 53.53.)
+S3x (Sgysé%ys‘lz + ngS“ySiz))
1
1,2,6 . 2 o4 2 2 2 o4 2 2
AT = —= (38524 (85,4, (Si — Siz) + S3:S4c (Siy — Si.))
6+/2
2 2 2 4 2 o4 2 2
+ﬁSZb (2S3z (_S4x + S4y)S4z + S3x S4x (S4y - S4z)
2 o4 2 2
+S3yS4y(_S4x +5%1,)))
1
1,3,5 . 3 o3 2 2 3 o3 2 2
A] = _(3S2“ (S3yS4y (S4x - S4z) + 83, Sax (S4y - S4z))
6+/2
3 2 2 3 3 ¢3 2 2
/352 (253, (=3, + S3,) 52, + S3,53, (S5, — S%.)
3 3 2 2
+83, 83, (=S, + 53.)))
1
Ay = m(ma (83253, Sax Shy — S3,53: 54, Saz + 53,54 (S3ySay — $3:542))
/3805 (S5, 54, (S3ySay — S3:S42) + S3y53:Say Suz (S3y53, + 283.53,)

—S3x Sax (Sgysjy + 2S§ZSZ‘Z)))
1
REE
1 6\/§
iS58 (53 + 555 + SL5%(5, - 1)
+S§yS4%y (_Sé%x + SK%Z)))

(3S2a (Sﬁysé%y (Sfx - Sﬁ%z) + Sglx Sé%x (Sé%y - Sﬁ%z))
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1
Ay = (3820 (83053, Sax S3,— 53, S5 53y Saz+ 53, S3 (S3ySay — S3:542))

6+/2
/380 (53, 83253, Sz + 283,53, Say S + 83,53, (S3ySay — S3:542)
—S3x Sax (S??yszy + zsgzsé%z)))

1
AS3 o 6_ﬁ(382” (S3x53, Sax g, — 3, 5357, Saz+S83, 54, (S3y Say — S3:842))

/3801 (83, St (S3ySay — S3:542)+S3y 832 Say Saz (53, Say +253, Sa:)
—ng S4x (Sgtysé%y + 25;54%2)))

1
Ay = = (352 (S5 83, Siy — 53,5353 + 53, (S3y 53y — $3:53.))

6v2

/380 (— 3 (S3, + 285.) S3, + 253, 55.53, + 53,8355
4 3 3

+83, (S3ys4y - S3ZS4z)))

1
1,6,2 4 2 2 2 2 o4 2 4 2 o2
Al = _(3S2” (S3x (S3y - S3z)S4x + S3xS3yS4y - S3yS3zS4y)

62
+ﬁSZb (S§x (S?%y - S%z)sé%x + S?}'S?%zsé%y + 2S§yS§zS§Z
_S%x (Sgysé%y + 2S§ZSA%Z)))

AT = (6820 20 (S3y S5 Sax Sy S3x (S50 Say+S3y (S3,-54,) Saz))

6¢_
+3V/353, (S3y S3:Sax Siy, + S3x (S3: 54, Say + Sy (St + S1,) Saz))

+/353, (S5 S3Sax (S +4S1,) + Sax (S35 (Si, + S3y) Sae
+S3ZS4Y (Sjl‘x + 4S:ltz))))

AV 6\/_(6525,52,,( 83,832 S4x S3y — S 3,53, Saz +53, S3(S3: Say+ 53y 542))

+3v/353, (53,5384 53, + S3:53,53, Saz + S5, 53, (S3: Say + S33542))
/33, (S5 S (S32 Say + 37542 + S3yS3: 540 (S5, 53y + 45353,
+S3x (Sgy Siy S4z + 4S321 S4y Siz)))

1
AL W(ma S Saz (— 53, S3y S3,+53x 53,53, 83753, Sax 3.4 S3:. 53, Say 57,

+3v/353, 842 (3, S3ySa, + 53053, 83, + S3y53. Sax S, + S3:53, 54y S3.)
/353, (83,53, (453: Say + S3y42) + S3yS3:Sax (453,53, + 3:53.)
+S3x (Sgysiys‘lz + S’J?ZS“ySiz)))

2,43 . 3 2 3 o2
A} = 6\/_ (6SzaS2b( S3yS3ZS4xS4y - S3xS3yS4yS4Z

+53, 57, (S3:Say + S3y542)) + 37383, (83, 53284257,
+53:83, 53, Sz + S5, 55, (S3:Say + S3ySar)) + V353, (83, S5, (S3:Say
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+83yS42) + SaxSay Sac (83, Say + 453, Sac)
183y 832 S4x (S_’%ysz%y + 4S§2S£z)))

A2 (650,50, 84, (53053, 52— 53, S3c Sa S b5 Say (S3ySay +55:542)
6m y )
+3/383, 842 (S35 53, St 53, 832 Sax Saz + S3, Say (S3y Say + S3:842))
/353, (8353, (453, Say + 3, S4z) + S3, Say Saz (S3ySay + S3:842)
+S3yS3ZS4x (483,53, + 53,5%.))

4252 6\/_ (62452 (— 53, 532 Sax Say—S3. 3, Say Saz+S3, Sax (S3: Say
+53y842)) +37/353, (83,53 Sax Say+S3:: 53, Say Saz + 53, Sax (S3:Say
+53y842)) + V355, (S3x (S5, + 4S3.) Say Saz + S3y Sax (S3:Say
+S3yS4z) + 83y 83:84x (SgyS4y+4S§’zS4z)))

ATOC = 12\/— (9534 (8354, — SiySi. + 4. (83, — 53))
+952a52b(54x54y - S4ySﬁ%z + S, (Sé%y - 5%))
+9V/383, 2 (=S5, Sity + 51,53 + Sic (53, — i)
+V/385, (S (S3,—53.) + 3,8 (53, +85%,) — 3, (4, + 85%.)))

AP = (955, (5353 (5 — 57) + $505L(5F, - 52)
+982a 53, (S3y Siy (Ske — S32) + S35, (S5, — S3.)
+9v/383, 2 (S35 53, (S3, — S3.) + S3y 83, (—St, + S3.))
+/383, (8832 (=S + Si,) Si. + S3:Si, (83, — SE)
+SsySi’y (—Si, +53))

AP = 12¢—(952a (83,84, (St — S3.) + S3.54. (S5, — S3.)) + 95253,
x (83, 3y (Sie — Si2) + S3.S% (S, — Si2)) +9v/353, 525 (S5, 54,
x(S3y = Sk) + 83,55, (=83, + 55) + V3535, (853, (— S5 + i)
X3 + 83,85, (S5, — Sk) + 83,83, (=S5, + 53.)))

AP = ! (97383, 526 (S3y 3283, Saz + S (Say Sax Say (S3, — S3,)

124/14
—83:53,542)) + 955, (—S3y 3253, Saz + Sax (S3ySax Say (S3, + S3,)

—83:53,542)) + 952053, (—S3y53: 53, Saz + S3x (S35 Sax Say (S5, + S3,)
—83: 53, 842)) + V383, (S3y53: 4y Sz (53, + 857.))
+53x Sax (S3yS4y(S§x - S‘%y) — $3:54; (Sé%x + 8531))))
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A

A333 .

A?’4’2 =

342 _
A3

3,51 .
AL

333 .

A3,6,0 —

1
lzm (9S%a (SgyS“-y (Sé%x - Sé%z) + ngS4x (Sfy - Sé%z))

195824 S%b (S’o?ys“y (Sé%x - Sé%z) + S:%XS4X (Sé%y - S‘%z))
+ﬁS§b (8533z (_Sé%x + Sﬁ%y)s“l + S33x Sax (Sé%y - Sﬁ%z)
+S33yS4y (_Sé%x + Sé%z) - 9\/§S§aS2h (Sgy S4y (Sé%x - Sﬁ%z)

+S§’x Sax (_S4zy + S‘%z)))
1

124/14
(S3ySay — $3:542)) + 983, (5353, Sax S5, — 53,53:53, Sz + 53,53,

(S3y Say—53:542))+9524 S5y, (S35, Sax S3y — 53,5357, Saz + 53,53,
(SSyS4y_SSZS4z))+\/§Sgb (ng S;%x (S3yS4y - S3ZS4z) + SByS3zS4yS4z
c%v&w-+85xsh)—-&hsm(sgsi,+ssisi)»

(9S2a (S3y (S4x S‘%Z) + S?x (Sé%} - S‘%Z)) + 9S2”S22b

(9\/§S§a Sop (S35 Sax — S3ySay) (—S3yS3:Say Saz + S35 Sax

12¢_
(83, (53¢ — S&) + S5, (S, — S3.)) + V383, (— 853 (8%, — i)
+53, (83 — S3.) + 83, (= 5% + Si)) — 9353, 52 (83, (57, — S.)
+S§‘x (=Siy +53.)))

(952a (S3x53y54x54y S3y53z54y54z+53x54x(53> Say — S3zS4z))

12/14
+952453, (S3: 53, Sax Say — S3,53: Say Saz + S5, Sax (SaySay — $3:542))

+9V/353, 26 (— S35 53, Sax Say + S3,53:SaySaz + S5, Sax (S3y Say
(S3ySay — S3:842)) + ‘/gsgb(53y531(532y + 8S§Z)S4yS4Z + 83, Sax
(S3yS4y - S3zS4z) - S3xS4x (S§y54y + 85;541)

4 4
12\/— (9S2a (S3xS3yS4x S3y S3zS4z + S3x(S3yS4y - S3z S4z))

+952453, (S3: 53, Sax — S3,53:Saz + 53, (S3ySay — 53:542))
+9V/353, 826 (— S35 53, Sax + S3,53: Saz + S5, (S3ySay — $3:542))
+V/353, (= S3x (S3, + 855.) Sux + 883,53, Say + 53,53 Su
+S§x(53> Say — $3:542)))

12«/— (9S2a (S3xS3y Sgysgz + S?x (S'j%y - S?%z)) + 9S211S22b (S'J?xsgty

_S3yS3z + S?x (S'J?y - S?%z)) + 9\/§S§as2b(_s32xsgy + S?ys?%z
+S§x (S?%y - S32z)) + ﬁsgb (Sg‘x (Sgy - S321) + S32yS3%z (S32y + 8S§z)
_ng (S§y + 85;)))
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Degree 10; Card =15

A?’S’S =

A5

A}’5’4 =

A2,2,6 .

A%’3’5 =

2,35,

@ Springer

1
7 (83,532 54, Sz + S35 Say S4. + 55,54, (S3ySay + S3:542)
+S3x S4x (S3yS4y + S?zsiz))

m( — 382453, S3: Sax S5, — S3.:3, 54, Saz+53, 1, (S3:Say — S3y542))

+«/§Szb (533)6 ng (_S3z S4y + S3y S4z) + SSy S3z Sax (532}' Sjl‘y + 2532z Sjl‘z)
—S3x (S33y Siy S4Z + 2S§z S4y sz)))

1 4 3 4 o3 4 o3
m( — 385 (S3yS3ZS4x S4y - S3XS3yS4yS4Z+S3x Six (S3ZS4y_S3yS41))
+\/§S2b (Sg‘xSfx(—S3zS4y + S3yS4Z) + S3yS3zS4x (Sgysiy + 2532522)

— 83y (Sgysiysk + 2S§ZS4YSSZ)))

22 L 2 (eh _ oh 2
p \/—(GSZaSZb(SsyS Sty — S3cSicSiy + S3.(S3, — S1y)S5.)

4333, (83,5453, + 3,58, 5%, + SL(S2, + 54,)52)
V33, (S (S3, + 54 5% + 53,53, (53, +45%)

+83, 5% (Say +452)))

ﬁ (624525 (— 355, Sax 3, — 53,53:54, Suz

+53, 81, (S3ySay + $3:542)) + 3383, (S35 53, Sax Sy + 53,5354, Saz
83,81 (S3ySay + S3:842)) + /353, (83,51, (S3y Say + S3:542)

+53y 3 Say Saz (S3y53, + 483:83.) + SarSax (53,54, +453.51.)))

1 2 2 3 2 o3 2 3 2 Q2

2 2 2 2 2 3 2 3 2
+S3ZS4Z)) + 3“/55211 (S3x S3y S4xS4y + S3yS3zS4yS4Z
+83x Six (S?%ysé%y + S?%zsé%z)) + ﬁs%b (53)’S3ZS4%yS4%z (S3z54y + 4S3)'S4Z)

3 2 2 2 Q2 2 2 3 3

+83x S4x (S3yS4y + S3ZS4Z) + S3x S4x (S3)’S4y + 4S3ZS4z)))

1
m (652‘1S2b (Séleix - S?ysjy) + 3\/35%(1 (Sgtx ij + Sg‘ysgy)
+f 353, (55,51, + 53,54, +455.54.))

- \/_ (6520526 (—S3: 53, Sax S5, — S3,53:53, Sz + 53,53, (S3y Say

+53:542)) + 3383, (53553, 842 S5, + S3,53: 53, Saz + 53,53, (S3y Say
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A2,5,3 .

2

A2,5,3 .

2,62 .

A3,2,5 .

A3,3,4 .

3,43 .

+S3ZS4Z)) + \/§S%b (SgyS3ZS2yS4Z + 4S3yngS4y SE’;Z + ng Six (S3yS4}'
+83;847) + S3xSax (Sgysz%y + 45;1521)))

6f$mm(&%m%—%&%m+%%@my

+53:842)) + 37383, (533, Sax S5, + S3,53:57, Saz + S3, 57, (S3ySay
+53:842)) + /353, (55,53, (S3ySay + S3:542) + S3yS3:Say Saz (3, Say
+4S§’z S4z) + S3x Sax (S§y Sé%y + 4S§z SEZ)))

6x/— (6S2dszb( S3x Sglysix - S?ysksiz + Sglx (S3)’S2y + S3ZS21))

+3\/_S2a (S3x S?ysé%x + S§yS3252z + S?x (S3ysiy + S3ZS22))
+\/§S§b (53)‘ (S§y + 4S§Z)S2x + 4S3y S?ngy + S§y53252z
+S§x (S3,\’S2y + S3zsiz)))

2 4 Q2 4 Q2 @2 4 (2 @2 2 2
6\/_ (6SzaS2b( S3xS3yS4x - S3yS3zS4z + S3x (S3yS4y + S3zS4z))

+3‘/—82a (ng Sgysé%x + Sg‘ysgzsé%z + S?»x (Sgysé%y + S%zsﬁ%z))
+ﬁS§b (SSZx (S§y + 4S§1)S£x + 4S§y Sgrz Sﬁ%y + S?y S%z Sﬁ%z
HM%%+%%M

(9v/383, S21 (S3y 32 Sax Sy — S35 (S3: 54 Say + Say (=S,

12¢_
+S4y)S4z)) - 9S23g (S3yS3zS4xSiy + S3x (S3ZSZ‘X S4y

—S3y (84, + Siy) Saz)) — 982453, (S3y 532 Sax Siy + 3+ (S3: 54, Say
S5y (S + Siy) Saz)) + V383, (S3yS3: Sax (S, + 8S5:)
83 (S3y (=i + Siy) Sac + S3: 54y (i, +855))))

s 085S (558 (57, — 53 + 83, (5 = Suu)
952053, S12 (S350, (53, — S) + S3,(S3, — S4S2))
—9V/353, 825 54z (53, Say (— S5, + S3.) + 53, (3, — SaxS3.))
/383, (53, (~8S] Suy + 85u]) + 3,Suy S (53, — 53.)

+53,(—S3, Saz + S4xcS3.)))
—(
12./14
2 3 2 3 2 3 2
_S3yS4z)) - 9S2aS2b (S3yS3ZS4XS4y - S3XS3yS4yS4Z + S3)CS4)C (S3ZS4)'
—S3yS4:)) — 9V/353,S0n (— 53,3 Sax 3, + S3:.53, 57, Saz

=983, (S33yS3ZS4xS‘%y — S3x SgySA%yS“Z + 53,55 (S32Say
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83, S7.(S3:5ay — S3yS)) + /383, (83, S3. (—S3:Say + S3ySaz)
—S3.SaySaz (3, Say + 853, S4) + S3y53:S4x (83,57, + 853.55.)))

1
352 . _ 3 (¢4 4 4
APT = > m(—%zg (83,832 S4xSay — S3:53, SaySaz + S5, Sax (S3:5ay

—S3yS4z)) — 95253, (53, 32 Sax Say — S3x 53, Say Saz + 3, Sax (S3:Say
—S3yS4z)) — 9385, S2p (=3, S3: Sax Say + 383, Say Saz

53, Sax (S3:S4y — S3y542)) + /353, (— S3x (S5, + 853.) Say Saz

+53y 832 Sax (3, Say + 853.S4z) + S5, (—S3:Sax Say + S3y54xS42)))

Degree 11; Card =8

1
Ai’4’6 = m(:;sml (S§yS2)f (Sé%x - S‘%Z) + S§xS2x (Sé%y - S‘%Z))

35 (254 (53, + 52,)8% + 58,54, (53, — 52)
+S§ysiy (_Sé%x + Sﬁ%z)))

1
ASS 6_ﬁ(3S2“ (S3:53, Sax 1, — S3,53: 54, Sz + S5, 54, (S3y Say — S3:542))

+\/§SZb (Sgy S3zSZtyS4z + 253}’S§2S4)’SZ‘Z + S?xSix(S3}:S4y ~ 53:542)
— 835 S4x (Sﬁy,Siy + zsétzsiz)))

1
1,6,4 . 4 2 2 4 2 ¢4 4 4 Q2 ¢4
A = m(:;‘gz“ (SSx (S3y - S3z)S4x + S3xS3yS4y - S3yS3zS4y)
4 (2 2\ o4 4 2 o4
+\/§S2b(53x (S3y - S3z)S4x + S3yS3zS4y
2 4 ¢4 2 4 o4 4 o4
+283, 85, Sy, — 53, (S3, 84y +255,54.)))
1
4245 6_m(652a Sob (=3, 53 Sax S4y — 353,54, Sz + 53,54, (S3:Say
+83ySaz)) + 3385, (83, S3:S4x S5, + S3:53, 54, Saz + 53,51, (S3:Say
83, 842)) + V352, (53, S, (S3:Say + S3yS42)
+S3y S32 S4x (S32y Sﬁy + 4S§z sz) + S3x (Sgy Si}’ Saz + 4S§Z S4y SjZ)))
1
AT = (6820825 (— 53, 532 S4x 53, — S3x83, 53y Saz + S5, 53, (3284,

6+/10

+S3yS4z)) + 3355, (53, 83284 53, + S3:53, 53, Saz + 3, S5, (S3:Say
+83y842)) + V353, (5%, 3, (S3:Say + S3y842)
+53y 53 S4x (53,53, +453.53.) + S3x (83,53, Saz + 483,54, 53.)))

@ Springer



J Math Chem (2008) 44:938-966 965

AP i T (083, (53,5 (5 - 5E) + SLsh (5, - 5)
+952,53, (53,53, (5%, — %) + S350 (53, - 52)
497383, 820 (53,51, (53, — 53) + 53,53, (-3, + 52)
4383, (853 (52, + 53) 53 + Sk (53, — 53

+S§yS2y (_Sé%x + S‘%z)))

AP i T (083, (58,5, (5 - 5E) + Shsh (5, - 1)
952,53, (54,53, (5%, — $3) + 54,83, (3, - 52.)
FOVESE, (54,53, (53, — 53) + 58,52, (-2, + 52.)
/33, (8% (~ 53, + 53) % + 54,53, (53, — 52)
+85, 8%, (= Sk + 53.)))
AT = ! (93, (S3x 3, Sax S3,— %, 8353, S4+S%, 53, (S3y Say — $3:842))

124/14
2 4 2 4 2 4 Q2
+952053, (S3:53, S4x 53, — §%,83:53, Sz + S3,53,(S3,S4y — $3:542))

+9v/383, S0 (— S35 53, Sax S3, + S3,53:57, Sa + S3, 53, (S3,Say
—83:542)) + /353, (3, S3, (S3ySay — S3:547)
+53y 53 Say Sz (53, Say + 853, Saz)
— 532 S4x (S§}’ Sé%y + 8S§ZS§Z)))
Degree 12; Card =4

1
0,6,6 . 4 2 od 2 2 4 2 o 4 ood (2 2 2 @2
Ay = %(S3y53zs4ys4z + 83,853,514, + S3: S5, (83,53, + 53,57,
22 (d o4 4 b
+S3xS4x (S3yS4y + S3ZS4Z))
24,6 2 2 od 2 2 (2 2 2 (2 2
Al T 6\/—(6S2“S2b( S3yS3zS4}’S4z+S3x(s3ys4xS4y(S4x _S4y)
2 2 (2 2 d 2 2 (2 2 2
+S3ZS4xS4z)) + 3\/§S2a (S3yS3zS4yS4z + S3x (S3yS4xS4y
2 2 2 4 2 2 (2 2 2 2 (2 2
(Sie + Say) + 85,54,5%,)) + ﬁSZb(SByS3zS4yS4z (S5, +4S%,)
22 (2 2 (2 2 2 @2 (2 2
+S3x S4x (S3yS4y (S4x + S4y) + S3ZS4Z (S4x + 4541))))
AZSS = ; f(652a32b( S3: 83, Sax S4,— 53, 53: 54 Saz+53, Sy (S3ySay+53:542))

+3V/353, (S3: 53, Sax Sy + 53, 83: 54, Su
+S§‘x Sfttx (53}’ S4y + S3Z S4Z)) + \/gsgb (S§1) S3Z Siy S4z + 453)’ S?z S4y Siz
55, S (S3ySay + S3:542) + S3:Sax (83,54, + 4S3.57.)))
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1

1
2,6,4 . 2 o4 2 Q2 4 2 a2 2 4 o2 2 o2 2 o2
A = —— (652525 (=55, 53, S, 51, — 53,53, S, 54, +53, 54, (83,54, +53,5%.))

" 64/10
+3v/353, (83,53, 54,53, + 53,5353, 5, + S84, (83,53, + S3.5%,))
+/353, (83,53, (53, +453,) 53, 53, + $3:55. (83,54, + $3.5%.)
+85. S5 (83,53, +453,5%.)))
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